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Abstract
In (Dokl. Math. 64 (2001) 385) we formulated shortly the results which contain a complete clas-
siﬁcation of compact, convex planar ﬁgures with respect to the maximal cardinality of their ﬁxing
systems and also a complete classiﬁcation of compact, convex ﬁgures with respect to the maximal
cardinality of their hindering systems. For ﬁxing systems the results were proved in details in (Discrete
Geometry Marcel, Dekker, New York-Basel, 2003, 85). Here we give detailed proofs for hindering
systems. The obtained theorems generalize and make more precise the results obtained byMani (Acta
Math. Sci. Hungar. 22 (1971/72) 269). Some examples illustrate the text.
© 2004 Elsevier Inc. All rights reserved.
1. Introduction
LetM ⊂ Rn be a compact, convex body and F be a subset of its boundary bdM . (We use
the term body for a convex set if its interior in Rn is non-empty.) A nonzero vector v ∈ Rn
is said to moveM off the set F if for every translation ofM in the direction of the vector v
the translated body has no point in common with F , i.e.,
(v +M) ∩ F = ∅ for every  > 0.
Deﬁnition 1. Let M ⊂ Rn be a compact, convex body. A set F ⊂ bdM is a hindering
system for the bodyM if there is no nonzero vector thatmovesM off the setF . The hindering
system is primitive if none its proper subset is a hindering system forM .
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In other words, F is a hindering system for M if for every vector v = 0 there exists a
number  > 0 such that (v +M) ∩ F = ∅.
The concept of hindering systemwas introduced byMani [5].He established that for every
compact, convex body M ⊂ R2 the maximal cardinality maxM of its primitive hindering
systems satisﬁes the inequality maxM5, the equality being attained, for example, ifM is
a regular pentagon. Moreover, maxM3 for every compact, convex bodyM ⊂ R2.
The minimum of cardinality of hindering systems for the body M ⊂ Rn is denoted by
minM . Every hindering system for M with cardinality minM (i.e., a hindering system of
smallest possible cardinality) is obviously primitive.
Recall the deﬁnition of the functional md introduced in [1]. LetM ⊂ Rn be a compact,
convex body. By mdM denote the greatest integer m such that the unit outward normals
p0, p1, ..., pm of M at some its regular boundary points a0, a1, . . . , am are minimally de-
pendent, i.e.,
(i) there are positive numbers 0, . . . , m with 0p0 + · · · + mpm = 0;
(ii) any m of the vectors p0, p1, . . . , pm are linearly independent.
In other words, the vectors p0, p1, . . . , pm (emanating from the origin 0 ∈ Rn) are
the vertices of an m-dimensional simplex that contains 0 in its relative interior. Note that
1mdMn for any compact, convex bodyM ⊂ Rn.
Using the functional mdM , in article [2] the estimate minMmdM + 1 is proved.
2. Main results
In this article we give a complete classiﬁcation of compact, convex planar ﬁgures with
respect to the cardinality of their maximal primitive hindering systems.
Deﬁnition 2. Let M ⊂ Rn be a compact, convex body. Boundary points a1, a2 of M are
antipodal if there are two parallel (and distinct) support hyperplanes 1,2 of M with
a1 ∈ 1 and a2 ∈ 2. The points a1, a2 are strictly antipodal if the hyperplanes can be
chosen in such a way that each of 1 and 2 has only one point in common withM .
In Fig. 1. the points a, b ∈ bdM are strictly antipodal. The boundary points a, c (and
also b, c) are antipodal, not being strictly antipodal.
Deﬁnition 3. A convex pentagon P ⊂ R2 is ﬂattened if there are two of its neighboring
vertices which are antipodal points of P .
In Fig. 2 the convex pentagon P has two neighboring vertices a, b for which the sum of
the corresponding interior angles is less than ; the vertices are strictly antipodal, i.e., P is
ﬂattened. In Fig. 3, the neighboring vertices a and b have the sum  of the corresponding
interior angles; the vertices also are antipodal (not being strictly antipodal), and hence
P is ﬂattened. But note that if for every two neighboring vertices of P the sum of the
corresponding interior angles is greater than , then no two its neighboring vertices are
antipodal, i.e., P is non-ﬂattened.
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We remark that a convex pentagon P is non-ﬂattened if and only if every two of its
non-neighboring vertices are strictly antipodal points of P .
The following two theorems contain a complete classiﬁcation of compact, convex planar
ﬁgureswith respect tomaxM .More detailed,Theorems1 and2give necessary and sufﬁcient
conditions underwhichmaxM = 5 andmaxM = 3, respectively. In other casesmaxM = 4.
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Theorem 1. LetM ⊂ R2 be a compact, convex body. The equality maxM = 5 holds if and
only if there is a convex pentagon P inscribed in M such that every two non-neighboring
vertices of P are strictly antipodal points of the bodyM .
Theorem 2. Let M ⊂ R2 be a compact, convex body. The equality maxM = 3 holds if
and only ifM satisﬁes at least one of the following two conditions:
(i) there exist three boundary points of M every two of which are strictly antipodal points
ofM;
(ii) there exists a segment [a, b] ⊂ bdM such that a and b are strictly antipodal points of
M.
Example 1. Let M ⊂ Rn be an n-dimensional parallelotope and F be its vertex set. It is
easily shown that F is a primitive hindering system of maximal cardinality for the body
M . Thus maxM = 2n. At the same time, minM = 2; indeed, choosing points a, b in the
relative interiors of two opposite facets ofM , we obtain a hindering system F ′ = {a, b} of
the bodyM . In particular, ifM ⊂ R2 is a parallelogram, then maxM = 4 and minM = 2.
Example 2. LetM be the Reuleaux triangle (Fig. 4). Every two of the vertices a, b, c are
strictly antipodal points ofM . By Theorem 2, maxM = 3. Furthermore, ifM is a Reuleaux
pentagon (Fig. 5), then maxM = 5, by Theorem 1. Indeed, for the inscribed pentagon
with the vertices a, b, c, d, e every two of its non-neighboring vertices are strictly antipodal
points ofM . (See the proof of Theorem 3 for details.)
Example 3. Let N ⊂ R2 be a semicircle with diameter [a,m]. Then maxN = 3, by
Theorem 2. Let now b be a relatively interior point of the segment [a,m] and l be the line
through b that is perpendicular to [a,m]. Denote by the closed half-plane with bd = l
that contains a, and letM = N ∩. Then maxM = 4, since Theorem 2 is not applicable.
Indeed, for every segment contained in bdM its endpoints are not strictly antipodal points
ofM .
The following two theorems give maxM for two interesting classes of planar ﬁgures.
V. Boltyanski, H. González-Aguilar / Journal of Combinatorial Theory, Series A 108 (2004) 261–273 265
c
ba
d
e
Fig. 5.
Theorem 3. Let M be a ﬁgure of constant width h. Then
max(M) =


3 if M is the Realeaux triangle,
5 if M is a Realeaux pentagon,
4 in all other cases.
Theorem 4. LetMk be the regular polygon with k vertices. Then
max(Mk) = k for k5 and max(Mk) = 4 for k > 5.
3. Auxiliary propositions
Deﬁnition 4. LetM ⊂ Rn be a compact, convex body and v = 0 be a vector. A boundary
point a ofM is sustained by the direction of the vector v (or, for brevity, a is sustained by
the vector v) if a + v ∈ M for  > 0 small enough.
In Fig. 6 the points a, b are sustained by v, whereas the points c and d are not sustained.
Lemma 1. A set F ⊂ bdM is a hindering system for a compact, convex body M ⊂ Rn
if and only if for each vector v = 0 there is a point of the set F that is sustained by v.
Moreover, a hindering system F of the body M is primitive if and only if for every a ∈ F
there is a vector v = 0 that sustains the point a and does not sustain any other point of F.
Proof. We prove the part “if’’ for the ﬁrst assertion of the Lemma. Let v be an arbitrary
nonzero vector. By the hypothesis, there is a point a ∈ F that is sustained by v. This means
that a+v ∈ M for > 0 small enough.Hence a ∈ (−v+M)∩F , i.e., (−v+M)∩F = ∅
for  > 0 small enough. In other words, the vector −v does not move M off the set F .
Since this is true for every vector v = 0, we conclude that there is no nonzero vector that
movesM off the set F , i.e., F is a hindering system for the bodyM .
Now we prove the part “only if’’ for the ﬁrst assertion of the lemma. Assume that F ⊂
bdM is a hindering system forM . Let v be an arbitrary nonzero vector. Then the vector−v
does not move M off the set F , i.e., there is a number ′ > 0 with (−′v +M) ∩ F = ∅.
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Let a be a point of the set (−′v +M) ∩ F . Then a ∈ F and a + ′v ∈ M . This implies
that a + v ∈ M for  > 0 small enough. Hence the point a ∈ F is sustained by the vector
v.
The last assertion of the lemma is evident. 
Lemma 2. LetM ⊂ R2 be a compact, convex body and F be a primitive hindering system
for M. If F consists of more than two points, then F is the vertex set of an inscribed polygon
P of M, i.e., no three points of F are situated in the same line.
Proof. Assume that three points a, b, c ∈ F are situated in l ∩ bdM where l is a support
line of M . Let b be situated between a and c in l. If the point a is sustained by a vector
v = 0, then b is also sustained by the vector v. In other words, there is no nonzero vector
that sustains only the point a ∈ F , i.e., F \ {a} is a hindering system forM , contradicting
the primitivity of F . 
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Lemma 3. Let M ⊂ R2 be a compact, convex body with maxM = 5 and F ⊂ bdM be
a maximal primitive hindering system of M. If p and q are non-neighboring vertices of the
pentagon P = convF , then they are strictly antipodal points of M.
Proof. The points p and q divide bdM into two open arcs A and B. Since p and q are
not neighboring vertices of P , we may assume without loss of generality that A contains
only one point a ∈ F distinct from p and q, whereas B contains two points b, c ∈ F
distinct from p and q. Denote by g and h the rays emanating from p and q, respectively,
and touching B. Let g¯ and h¯ be their opposite rays. If g¯ and h¯ have a common point
(Fig. 7), then it is impossible to sustain only the point a ∈ F , contradicting primitivity of
the hindering system F . Thus g¯ ∩ h¯ = ∅, i.e., the arc B is situated in a semistrip S with
parallel boundary rays through p and q, respectively (Fig. 8). Moreover, it is possible to
choose the semistrip S in such a way that none of its boundary rays touches B in a segment
(otherwise it is impossible to sustain only the point a ∈ F , contradicting primitivity of the
hindering system F ). Analogously, A is situated in a semistrip T with parallel boundary
rays through p and q, respectively, such that none of the rays touches A in a segment.
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If now the semistrips S, T form one strip, then p and q are strictly antipodal points of
M . Let now S ∪ T be a non-convex set, say q is not a boundary point of conv(S ∪ T )
(Fig. 9). Then the following two cases are possible: (i) q is not a regular boundary point
of M and (ii) q is a regular boundary point of M . In case (i) again p and q are strictly
antipodal points of M . In case (ii) p and q are antipodal points of M , not being strictly
antipodal. Thus, at any rate, two non-neighboring vertices of P are antipodal points ofM .
Returning now to case (ii), we will show that this case is impossible. Indeed, assuming that
c and q are non-neighboring vertices of P and denoting by l the support line ofM through
q, we conclude that the line l′ that is parallel to l and passes through c is not a support line of
M , i.e., non-neighboring vertices c and q of P are not antipodal points ofM , contradicting
what was proved above. Thus, case (ii) is impossible, and hence p and q always are strictly
antipodal points ofM . 
Lemma 4. Let M ⊂ R2 be a compact, convex body. Assume that there exists a segment
[a, b] ⊂ bdM such that a and b are strictly antipodal points of M. Then maxM = 3.
Proof. Let l and m be parallel support lines of M passing through a and b, respectively,
such that every one of the lines l, m has only one point in common withM . Denote by p the
unit vector parallel to l, m that sustains all relatively interior points of the segment [a, b]
(Fig. 10). Let n be the support line of M parallel to ab and q be the unit vector such that
b = a + q with  > 0.
Assume there exists a primitive hindering system F forM of a cardinality f 4. There
is a point x ∈ F that belongs to the relative interior of the segment [a, b] (otherwise p
does not sustain any point of F ). If there is a point u ∈ F ∩ [a, b] distinct from x, then
every unit vector v sustaining u should sustain x, contradicting the primitivity of F . Thus
F ∩[a, b] = {x}. There is only one point y ∈ F \([a, b]∪n) sustained by q (if there are two
such points, one of them is superﬂuous). Similarly, there is only one point z ∈ F \([a, b]∪n)
sustained by −q. Now {x, y, z} is a hindering system forM , contradicting f 4. 
Lemma 5. LetM ⊂ R2 be a compact, convex body. If there are boundary points a, b, c of
M every two of which are strictly antipodal, then maxM = 3.
Proof. Denote by tab the open arc of bdM with the endpoints a and bwhich doesn’t contain
c. The open arcs tbc and tca are deﬁned analogously. Let la, lb be two parallel support lines
ofM such that la ∩ (bdM) = {a} and lb ∩ (bdM) = {b}. Let vc be the unit vector parallel
to la, lb that sustains the arc tab. Then the opposite vector −vc sustains the point c and the
open arcs tbc, tca . Similarly we deﬁne the vectors va and vb (Fig. 11).
If a vector p = 0 is situated between va and −vc, then p sustains the arc tbc (and
similarly for vectors situated in the interiors of the other ﬁve angles). Thus every nonzero
vector sustains at least one of the arcs tab, tbc, tca .
Let now F be a primitive hindering system for M with the maximal cardinality. Since
va sustains only the points of the open arc tbc, the set tbc ∩ F is nonempty. We choose an
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arbitrary point a¯ of that set. Similarly, choose points b¯ ∈ tca ∩ F and c¯ ∈ tab ∩ F . Then
the points a¯, b¯, c¯ form a hindering system for M (since every nonzero vector sustains at
least one of the arcs tab, tbc, tca). Since F is primitive, it coincides with {a¯, b¯, c¯}. Thus
maxM = 3. 
Lemma 6. Let M ⊂ R2 be a convex polygon with maxM = 5. Then every its primitive
hindering system F of cardinality 5 is contained in the vertex set of M.
Proof. Let x ∈ F . By Lemma 2, F is the vertex set of an inscribed pentagon P ofM . Let
y ∈ F be a point such that x and y are non-neighboring vertices of P . By Lemma 3, x and
y are strictly antipodal points ofM , and hence x belongs to the vertex set ofM . 
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4. Proofs of main results
Proof of Theorem 1. The part “only if’’ follows from Lemmas 2 and 3.
We prove now the part “if’’. Let P be an inscribed convex pentagon ofM such that every
two non-neighboring vertices of P are antipodal point ofM . Denote by F the vertex set of
P . Any direction sustains at least one vertex of P . All the more, any direction sustains at
least one point of the set F ⊂ bdM , i.e., F is a hindering system forM . Furthermore, let a
be an arbitrary point of F and b, e be its neighboring vertices in P . Then b and e are strictly
antipodal points ofM , i.e., there is a strip S ⊃ M such that its boundary lines have only the
points b and e in common with M . Hence there is a direction that sustains only the point
a ∈ F . Similarly for other points of F . Thus the hindering system F is primitive. 
Proof of Theorem 2. The part “if’’ follows from Lemmas 3 and 4.We prove the part “only
if’’.
LetM ⊂ R2 be a compact, convex body with maxM = 3. First we prove thatM contains
non-regular boundary points. Indeed, assume that every boundary point of M is regular.
We remark that the set of all directions for which there is a support line of M , having a
segment in commonwithM , is no more than countable. By this there exists a circumscribed
parallelogram P of M such that every side of P has only one point in common with M .
Denote byp, q, r, s the common points of bdP withM . ThenF = {p, q, r, s} is a primitive
hindering system forM , contradicting maxM = 3.
Let a be a non-regular boundary point of M . Denote by l1, l2 the rays which emanate
from a and touch M . The angle  between the rays is the interior angle of M at the point
a and the adjacent angle  is the exterior angle at a. The set of all non-regular boundary
points ofM is at most countable, and the sum of values of corresponding exterior angles is
not greater than 2.
Assume now that a is the non-regular boundary point ofM with the greatest exterior angle
(or one of them if such a point is not unique). Let m1,m2 be the support lines ofM which
are parallel to l1, l2, respectively. We denote by b, c and d the points l1 ∩ m2, m1 ∩ m2
and l2 ∩m1, respectively. Then abcd is a circumscribed parallelogram ofM (Figs. 12–15).
Denote by p and q the unit vectors such that b = a+	p and d = a+
q with some positive
	, 
. Consider now all possible particular cases.
Case 1: The points a, b, c, d belong toM , i.e.,M coincides with the parallelogram abcd .
In this case maxM = 4 (see Example 1), contradicting the hypothesis. Thus this case is
impossible.
Case 2: Three of the points a, b, c, d belong toM . Let, for deﬁniteness, a, b, c ∈ M (the
case when a, b, d ∈ M and the case when a, c, d ∈ M are analogous). If the side [a, d]
does not touch M at the point a, then a and b are strictly antipodal points of M , i.e., M
satisﬁes condition (ii) of Theorem 2. Analogously, if the side [c, d] does not touch M at
the point c, then a and c are strictly antipodal points of M , i.e., M satisﬁes condition (ii)
of Theorem 2.
It remains to consider the sub-case when [a, d] touch M at the point a and [c, d] touch
M at the point c. But this is impossible, contradicting maxM = 3. Indeed, denote by w
a boundary point of M belonging to the interior of the parallelogram abcd (Fig. 12). Any
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unit vector situated between p and −q (inclusively) sustains w. Other unit vectors sustain
one of the points a, b, c. Thus the points a, b, c, w form a primitive hindering system for
M , and this hindering system is primitive (for example, remove the point c and consider
the remaining subsystem {a, b,w}; let s be a support line ofM through the point w and v
be the unit vector directed along s such that v sustains the point a; then the vector v − εq
movesM off the set {a, b,w} when ε > 0 is small enough).
Case 3: Two of the points a, b, c, d belong to M , namely a ∈ M and one of the points
b, d belong to M . Let, for deﬁniteness, b ∈ M . If a and b are strictly antipodal points of
M , thenM satisﬁes condition (ii) of Theorem 2.
It remains to consider the sub-case when a and b are not strictly antipodal, i.e., the sides
[a, d], [b, c] of the parallelogram abcd touchM at the points a, b, respectively, and at least
one of these sides has a segment in common withM . But this is impossible, contradicting
maxM = 3, since the points a, b, x, y as in Fig. 13 form a primitive hindering system for
M .
Case 4: Two of the points a, b, c, d belong toM , namely a ∈ M and c ∈ M . Denote by
l′1, l′2 the tangential rays ofM emanating from c. Then l′1 ⊂ m1 and l′2 ⊂ m2 (otherwise the
exterior angle of M at c is greater than the exterior angle at a, contradicting the choice of
the point a).
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Let n1, n2 be parallel support lines of M such that ni has only one common point xi
with bdM , i = 1, 2, and the points a and c are situated between n1 and n2 (Fig. 14). Then
F = {a, c, x1, x2} is a primitive hindering system for M , contradicting maxM = 3. Thus
case 4 is impossible.
Case 5: None of the points b, c, d belongs to M . Choose the support lines n1, n2 as in
case 4. Furthermore, let c′ be a boundary point of M that is situated in the interior of the
parallelogram abcd and sustained by each of the vectors −p and −q (Fig. 15).
Assume that the side [a, b] has a common segment with the boundary of M . Taking a
point a′ ∈ [a, b]∩bdM that is distinct from a and is situated close enough to a, we obtain a
primitive hindering system {a′, c′, x1, x2} forM , contradicting maxM = 3. Even if the side
[a, b] has no common segment with the boundary ofM and, moreover, x1 /∈ [c, d], then we
again obtain a primitive hindering system {a′, c′, x1, x2} for M , taking a point a′ ∈ bdM
in such a way that the direction of the vector a′ − a is close enough to the direction of the
vector b − a. Replacing the side [a, b] by [a, d], we obtain analogous assertions.
Finally, if none of the sides [a, b], [a, d] has a common segment with the boundary ofM ,
and x1 ∈ [c, d], x2 ∈ [b, c], then {a, x1, x2} is a primitive hindering system forM , each two
of the points a, x1, x2 being strictly antipodal, i.e.,M satisﬁes condition (i) of Theorem 2.
Proof of Theorem 3. Let M ⊂ R2 be a ﬁgure of constant width h. If b, c are antipodal
boundary points ofM then they are strictly antipodal and the segment [b, c] has the length
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h. Furthermore, let a, p, q be three boundary points such that a, p are antipodal and a, q
also are antipodal, then the boundary arc pq (not containing a) is the circular arc of radius
h.
If now maxM = 3, then (according to Theorem 2)M is the Reuleaux triangle, i.e., each
of the segments [a, b], [b, c], [c, a] in Fig. 4 has the length h and every arc ab, bc, ca
is the circular arc of radius h. Furthermore, if 
max
M = 5 and P = conv{a, b, c, d, e}
is the inscribed pentagon as in Theorem 1, then each diagonal of P has the length h and
every boundary arc ab, bc, cd, de, ea is the circular arc of radius h. This means that M is
a Reuleaux pentagon of constant width h (Fig. 5). In other cases maxM = 4. 
Proof of Theorem 4.LetMk ⊂ R2 be a regular polygonwith k vertices such thatmaxMk =
5, and let points a, b, c, d, e in cyclic order form its primitive hindering system. By Lemma
6, all points a, b, c, d, e are vertices of Mk and, by Lemma 3, every two non-neighboring
vertices of the pentagon P = conv{a, b, c, d, e} are strictly antipodal boundary points of
Mk .
Since a, d are strictly antipodal boundary points of Mk , the segment [a, d] is a greatest
diagonal of Mk . Similarly, [b, d] also is a greatest diagonal of Mk . Hence a, b are neigh-
boring vertices of Mk . Analogously, every two neighboring vertices of P are neighboring
points ofMk , i.e., P coincides withMk . Thus maxMk = 5 if and only if k = 5.
Furthermore, by Theorem 2, maxMk = 3 if and only if k = 3. 
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